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A GENUS-ONE FJRW INVARIANT VIA TWO METHODS
JUN LI, WEI-PING LI, YEFENG SHEN, AND JIE ZHOU
Abstract. We calculate a genus-one FJRW invariant of an LG pair (W3 = x
3
1 + x
3
2 + x
3
3, µ3) via
two different methods. In the first method, we apply the cosection localization technique to get a
genus-one three-spin virtual class explicitly and then calculate the target FJRW invariant via self-
intersections of the three-spin virtual class. In the second method, we apply the Mixed Spin P-fields
method for the pair and calculate the invariant using the localization formula. This invariant is the
building block in establishing the all-genera LG/CY correspondence and its determination enables
one to compute the all-genera FJRW invariants for the LG pair.
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1. Introduction
Let (W,G) be a Landau-Ginzburg (LG) pair, where W : CN → C is a quasi-homogeneous
polynomial with critical point only at the origin and G is a nontrivial abelian group of diagonal
symmetries of W . In [FJR1, FJR2], Fan, Jarvis, and Ruan constructed Gromov-Witten type
invariants for the pair (W,G) as intersection numbers on moduli space of W -spin structures. These
invariants, called FJRW invariants nowadays, are of the form
〈
α1ψ
k1
1 , · · · , αnψknn
〉(W,G)
g,n
. Here ψi’s
are psi-classes pulled back from the moduli space of stable pointed-curves Mg,n, and αi’s are
elements in the FJRW vector space H(W,G), which is isomorphic to an orbifold Jacobian algebra
H(W,G) ∼=
⊕
γ∈G
Hγ :=
⊕
γ∈G
(Jac(Wγ) · Ωγ)G .
Here Fix(γ) is the γ-fixed locus in CN , Jac(Wγ) is the Jacobian algebra of Wγ := W |Fix(γ), and Ωγ
is the standard top form on Fix(γ). If the fixed locus of γ ∈ G is the origin (0, · · · , 0) ∈ CN , then
the sector Hγ and its elements are called narrow. The corresponding space is one-dimensional and
we denote its standard generator by 1γ . Otherwise Hγ and its elements are called broad.
The studies of FJRW invariants in positive genus with non-semisimple Frobenius manifolds are
under fast development recently. Various techniques have been developed for the computations,
including cosection localization [CLL], MSP fields [CLLL1, CLLL2] and NMSP fields [CGLL],
wall-crossing formulae [GR, ClJR, Zh], log-GLSM models [CJR, CJRS], etc. In general, it is rather
difficult to compute even a single FJRW invariant in positive genus.
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Main result. In this paper, we compute a genus-one FJRW invariant for the LG pair
(1) (W3 = x
3
1 + x
3
2 + x
3
3 , G = 〈J〉) ,
using the original definitions in [FJR2, CLL] and the MSP method [CLLL1, CLLL2]. Here the
element J in the LG pair (W3, 〈J〉) is the automorphism of W that acts on each xi by multiplication
by a factor of e2pi
√−1/3. Thus 〈J〉 ∼= µ3. The corresponding FJRW space is
H(W3,〈J〉) ∼= C{1J ,1J2 , 1 · dx1 ∧ dx2 ∧ dx3, x1x2x3 · dx1 ∧ dx2 ∧ dx3} .
Here the elements 1J ∈ HJ and 1J2 ∈ HJ2 are narrow. The main result of this paper is
Theorem 1.1. The genus-one FJRW invariant 〈1J2 ,1J2 ,1J2〉(W3,〈J〉)1,3 is given by
(2) 〈1J2 ,1J2 ,1J2〉(W3,〈J〉)1,3 =
1
108
.
The definitions of this invariant [FJR2, CLL] will be reviewed in the body of the paper. We
shall provide two different proofs of Theorem 1.1. One relies on the original definitions, the other
is based on the Mixed Spin P-field theory developed in [CLLL1, CLLL2]. Note that this genus-one
invariant can also be computed by the wall-crossing formulae, see [GR] for the case of Fermat
quintic polynomial.
Theorem 1.1 is crucial to the work [LSZ]. Based on Theorem 1.1, there the authors found that
the sequence of invariants {〈1J2 ,1J2 , · · · ,1J2〉(W3,〈J〉)1,` }`≥0 matches the Taylor coefficients of the
Eisenstein series E2(τ) expanded at a particular interior point on the upper-half plane. Then an
all-genera LG/CY correspondence between the FJRW theory of the pair (W3, 〈J〉) and the Gromov-
Witten theory of the elliptic curve given as the hypersurface (W3 = 0) ⊆ P2 is established. This
provides an approach to compute the higher genus FJRW invariants of the LG pair from the higher
genus Gromov-Witten invariants of the cubic elliptic curve.
Plan of the paper. The paper is organized as follows. In Section 2 we define and compute the
invariant in Theorem 1.1 by the cosection localization technique applied to the three-spin moduli.
In Section 3 we review the set-up of MSP field theory for the cubic curve case. In Section 4 we
present the second method to calculate the invariant using the localization formula in MSP theory.
Some length computations are relegated to Appendix A.
Acknowledgment. Y. Shen would like to thank Drew Johnson and Felix Janda for helpful dis-
cussion on intersection theory. We thank Huai-Liang Chang and Yang Zhou for useful discussions.
J. Li was partially supported by NSF grant DMS-1564500 and DMS-1601211. W.-P. Li is par-
tially supported by Hong Kong GRF16303518 and GRF16304119. Y. Shen is partially supported
by Simons Collaboration Grant 587119. J. Zhou is supported by a start-up grant at Tsinghua
University.
2. A genus-one FJRW invariant via three-spin curves
We work with the field of complex numbers C and take Gm = GL1(C). The FJRW theory is
originally constructed for any LG pair (W,G) in [FJR1, FJR2], where W : Cn → C is a quasi-
homogeneous polynomial with isolated critical point only at the origin, and W contains no xixj
terms for i 6= j. The variables x1, . . . , xn have rational weights q1, · · · , qn ∈ (0, 12 ] ∩ Q. The group
G in the pair is a subgroup of the group of diagonal symmetries of W
Gmax = {(λ1, · · · , λn) ∈ Gnm |W (λ1 · x1, · · · , λn · xn) = W (x1, · · · , xn)} ,
containing the exponential grading element defined in (3) below. The original set-up in [FJR1] uses
analytic tools. The theory was later partially reformulated using the cosection localization method
in [CLL] for the subspace of narrow elements. In [CLL], the construction depends on the group
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G < Gnm only. The essential ingredient is to construct the virtual classes for the moduli of the
so-called G-spin curves.
In this paper, we follow the set-up in [CLL]. The goal of this section is to define and compute
the FJRW invariant 〈1J2 ,1J2 ,1J2〉(W3,〈J〉)1,3 for the LG pair (W3 = x31 + x32 + x33, G = 〈J〉).
2.1. Witten’s top Chern class via cosection localization.
2.1.1. Witten’s top Chern class via cosection localization. We now briefly review the construction
of Witten’s top Chern class via cosection localization for the LG space ([Cn/G],W ) in [CLL].
Let d ∈ Z+ and δ = (δ1, · · · , δn) ∈ Zn+ be a primitive n-tuple. Let ζd := exp
(
2pi
√−1/d) be the
primitive d-th root of unity. A finite subgroup G < Gnm is called a (d, δ)-group if it contains
(3) J = (ζδ1d , · · · , ζδnd ) ∈ (µd)n < Gnm.
For a (d, δ)-group G < Gnm, the group
ΛG = {m = (m1, · · · ,mn) | xm =
∏
i
xmii is a G-invariant Laurent monomial in (x1, · · · , xn)}
is a free Abelian group of rank n. Fixing a set of generators {m1, · · · ,mn}, we obtain a Laurent
polynomial W =
n∑
i=1
xmi in n variables.
Fix integers g, `, and a collection of elements γ = (γ1, · · · , γ`) ∈ G` where each γi is narrow
(that is, the fixed locus of each γi is the origin 0 ∈ Cn). We consider the moduli stack of G-spin
`-pointed genus-g twisted nodal curves banded by γ, denoted by
Mg,γ(G) =
{
(C,L1, · · · ,Ln) |mk(L1, · · · ,Ln)
∼=−→
(
ωlogC
)w(mk)
, k = 1, · · · , n
}
.
Here C is a stable `-pointed genus-g twisted nodal curve; Lj ’s are invertible sheaves on C such that
the representations of Lj restricted to the marked points of C are given by the collection γ ∈ G`;
ωlogC is the log-dualizing sheaf of C; the multiplication in the Laurent polynomial mk(L1, · · · ,Ln)
is the tensor product of invertible sheaves; and
w(m) = d−1 · deg
(
m(tδ1 , · · · , tδn)
)
∈ Z .
The moduli stack is independent of the choice of the set of generators for ΛG.
In [CLL], the authors introduced the moduli space with p-fields
Mg,γ(G)p =
{
[C,Lj , ρj ]ni=1 | [C,L1, · · · ,Ln] ∈Mg,γ(G) , ρj ∈ Γ(Lj)
}
.
This is shown to be a quasi-projective Deligne-Mumford stack. Since γ is a collection of narrow
elements, the G-invariant polynomial W induces a cosection from the obstruction sheaf ObMg,γ(G)p
to the structure sheaf OMg,γ(G)p . Applying the cosection localized virtual class of Kiem-Li [KL], a
virtual class is constructed for the moduli stack Mg,γ(G) in [CLL]. This virtual class is called the
Witten’s top Chern class for the LG space ([Cn/G],W ). It generalizes the cases for r-spin curves
where the LG space is ([C/µr], xr), with µr < Gm the multiplicative group of r-th roots of the
unity. The cosection localized virtual class of the moduli spaceMg,γ(G) is also independent of the
choice the generators of ΛG that give rise to the G-invariant polynomial W . We denote this virtual
class by
[Mg,γ(G)p]vir ∈ A∗(Mg,γ(G)) .
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2.1.2. Fermat cubic polynomial in three variables. We will work with G = 〈J〉 < G3m, which is a
(d, δ) = (3, (1, 1, 1))-group. We have
(4) G = 〈J〉 = 〈(ζ3, ζ3, ζ3)〉 ∼= µ3 < (µ3)3 < G3m .
To indicate the role of the polynomial W in the construction of the cosection localized virtual class,
we always include the special polynomial W3 = x
3
1 + x
3
2 + x
3
3 in the notation. Then we have
(5) [Mg,γ(W3, µ3)p]vir ∈ A∗(Mg,γ(W3, µ3)) .
A narrow element is of the form γi = J
ki ∈ G, ki = 1 or 2. For simplicity, we denote
γ = (ζk13 , · · · , ζk`3 ) := (k1, · · · , k`) .
The moduli of three-spin curves is of crucial importance to us, where the LG pair is (x3, µ3) with
µ3 < Gm. Let pi1 : G = 〈J〉 ∼= µ3 → µ3 be the projection to the first component. It is clearly
an isomorphism. Therefore for the moduli of three-spin curves, we can also use γ to denote pi1(γ)
without ambiguity. For simplicity, we denote the three-spin moduli by
M1/3g,γ :=Mg,γ(x3, µ3) .
Its cosection localized virtual class is denoted by
(6) [M1/3,pg,γ ]vir := [Mg,γ(x3, µ3)p]vir ∈ A∗(Mg,γ(x3, µ3)) = A∗(M1/3g,γ ) .
Let us compare these moduli spaces Mg,γ(W3, µ3), M1/3g,γ , and the virtual classes (5), (6). For
the case µ3 ∼= G < G3m, the free group ΛG is generated by x31, x1x−12 and x1x−13 . Thus
(7) Mg,γ(W3, µ3) = {[C,L1,L2,L3] | L⊗31 ∼= ωlogC , L1 ⊗ L−12 ∼= L1 ⊗ L−13 ∼= OC} .
Here OC is the structure sheaf of C. For the three-spin case µ3 < Gm, we have
(8) M1/3g,γ = {[C,L] | L⊗3 ∼= ωlogC } .
Since γ is narrow, the two moduli spaces are isomorphic via the morphism
F : Mg,γ(W3, µ3) −→M1/3g,γ ,
which maps [C,L1,L2,L3] to [C,L1].
2.1.3. From three-spin to Fermat cubic. In our case, we take
(9) g = 1 , γ = (2, 2, 2) := (23) .
The virtual classes
[M1,(23)(W3, µ3)p]vir ∈ A0(M1,(23)(W3, µ3)) and [M1/3,p1,(23)]vir ∈ A2(M1/31,(23)) are
different but closely related. The following result is obtained in [LSZ, Lemma 2].
Proposition 2.1 ([LSZ]). The virtual class of the moduli stack M1,(23)(W3, µ3) is the triple self-
intersection of that of M1/31,(23). That is,
(10)
[M1,(23)(W3, µ3)p]vir = ([M1/3,p1,(23)]vir)3 ∈ A0 (M1/31,(23)) .
Our target FJRW invariant in Theorem 1.1 is defined to be the degree of the virtual class
(11) 〈1J2 ,1J2 ,1J2〉(W3,〈J〉)1,3 := deg
([M1,(23)(W3, µ3)p]vir) .
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which we shall also denote by Θ1,3 for convenience of notations. This invariant belongs to the class
of so-called primitive FJRW invariants [CLLL2]. More generally, we have a sequence of genus-one
primitive FJRW invariants
Θ1,` := 〈1J2 , · · · ,1J2︸ ︷︷ ︸
`-tuple
〉(W3,µ3)1,` := deg
([
M1,(2`)(W3, µ3)p
]vir)
, ` ≥ 1 .
If 3 - `, the invariant Θ1,` vanishes as the moduli space M1,(2`)(W3, µ3) is empty.
2.1.4. Comparison between FJRW invariants and primitive FJRW invariants. Now we compare
the primitive FJRW invariants here with the invariants originally constructed in [FJR1, FJR2].
The original method uses both algebraic tools and analytic tools. For any αi ∈ Hγi , with γi ∈ G
not necessarily narrow, the primary FJRW invariant for the LG pair (W,G) in [FJR2, Definition
4.2.6], which we denote by 〈α1, · · · , α`〉FJRWg,` , is defined to be an integral ([FJR2, Definition 4.2.1])
ˆ
Mg,`
ΛFJRWg,` (α1, · · · , α`) =
ˆ
Mg,`
|G|g
deg st
PD st∗
([Wg,`(W,γ)]vir ∩ ∏`
i=1
αi
)
.
Here st is the forgetful morphism from the moduli of W -spin curvesWg,`(W,γ) toMg,`. When γ is
a collection of narrow elements,Wg,`(W,γ) is the same as the moduli of G-spin curvesMg,γ(G). Let
αi = 1γi , then the FJRW virtual class
[Wg,`(W,γ)]vir∩∏`i=1 αi differs from the cosection localized
virtual class [Mg,γ(G)p]vir by a sign (−1)ε(γ), with ε(γ) =
∑
i rank(R
•pi∗Li). More precisely,
according to [CLL, Theorem 5.6], we have
[Mg,γ(G)p]vir = (−1)ε(γ) ·
[Wg,`(W,γ)]vir ∩ ∏`
i=1
αi ∈ H∗(Mg,γ(G)) .
In the current setting (9), |G| = 3, g = 1, deg st = |G|2g−1 = 3, and ε(γ) = 1. We have
(12) deg
([M1,(23)(W3, µ3)p]vir) = deg (st∗ [M1,(23)(W3, µ3)p]vir) ,
and thus
〈1J2 ,1J2 ,1J2〉(W3,〈J〉)1,3 = −〈1J2 ,1J2 ,1J2〉FJRW1,3 .
2.2. Intersection theory on M1,3. Before we compute the FJRW invariant Θ1,3, we briefly
review the intersection theory onM1,3. Following [AC], we label the boundary classes in A1(M1,3)
by δ0,3, δ0,2, and δirr, where
• δ0,k, k = 2, 3 consists of stable genus-one curves whose partial normalizations at a node are
the unions of two connected components of genus 1 with (3 − k) markings and of genus 0
with k markings, respectively.
• δirr consists of stable genus-one curves whose partial normalizations at a node are connected.
The dual graphs of these classes are illustrated schematically in Figure 1 below. The genus here
represents the geometric genus, that is, the genus of the normalization.
Let Sn be the symmetric group of n letters. We are interested in the S3-equivariant part of
H∗(M1,3,Q). According to [Ge2], the S3-equivariant part of both H2(M1,3,Q) and H4(M1,3,Q)
are of three dimensional. We summarize the results here:
• The S3-equivariant part of H2(M1,3,Q) is spanned by δirr, δ0,2, and δ0,3.
• The S3-equivariant part of H4(M1,3,Q) is spanned by δ0,2δ0,3, δirrδ0,3, and δirrδ0,2.
Some intersection numbers on M1,3 are listed in Table 1 below. The results can be obtained
from direct calculation or Sage programs, for instance, Drew Johnson’s Sage program strataalgebra,
see https://pypi.org/project/mgn/.
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g = 1
g = 0
g = 1
g = 0
g = 0
δ0,3 δ0,2 δirr
Figure 1. Configurations in codimension-one boundary divisors on M1,3.
Table 1. Intersection numbers on M1,3 .
δ0,2δ0,3 δirrδ0,3 δirrδ0,2 δ
2
0,2 δ
2
0,3
δirr
3
2 0 0 −32 −12
δ0,2 0
3
2 -
3
2
1
8 −18
δ0,3 -
1
8 -
1
2
3
2 0
1
12
We illustrate the table by considering the triple intersection number δirr · δ0,2 · δ0,3. The dual
graph is depicted in Figure 2 below.
g = 0
g = 0
g = 0
δ0,2 · δ0,3 · δirr
Figure 2. Configuration in triple intersection.
We have
δirr · δ0,2 · δ0,3 = 3 · 1
2
· 1 · 1 = 3
2
.
Here 3 =
(
3
1
)
is the number of choices of the point in the middle component. The factor 2 is the
order of the automorphism of the component on the leftmost component δirr. All the 1’s thoughout
are given by the integral ˆ
M0,3
1 = 1 .
Some useful cohomological relations will be used later. For example, we have (cf. [Ge1])
(13) δ2irr = 0 .
We also have a genus-one relation in [AC, Theorem 2.1] among the boundary classes, the psi-classes
ψi, and the kappa-class κ1:
(14) κ1 −
3∑
i=1
ψi = −δ0,2 − δ0,3 ∈ H∗(M1,3) .
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2.3. A three-spin virtual class. In this part, we study the Witten’s top Chern class
[
M1/3,p1,(23)
]vir
in (10) for the moduli stack of three-spin curves. For simplicity, we denote the moduli stack by
W :=M1/31,(23) =M1,(23)(x3, µ3) .
The formula below is obtained in [LSZ] by analyzing the cosection localized virtual class explicitly.
Proposition 2.2 ([LSZ]). Let pi : C → W be the universal family. Then Witten’s top Chern class
of the three-spin moduli is
(15)
[
M1/3,p1,(23)
]vir
= −c1(R•pi∗L)− 3[D] ∈ A1W .
Here c1(R
•pi∗L) is the first Chern class of the complex R•pi∗L and D is the jumping locus of the
section ρ ∈ Γ(L).
The formula in (15) is a special case of a more general formulae conjectured by Janda [Ja] for all
r-spin curve moduli. In general, such a virtual class may contain non-tautological classes such as [D].
Let st :W →M1,3 be the forgetful morphism. The term c1(R•pi∗L) can be calculated explicitly
by Chiodo’s formula [Ch, Corollary 3.1.8].
Corollary 2.3. The first Chern class of the complex R•pi∗L is given by
(16) c1(R
•pi∗L) =
B2(
1
3)
2!
st∗κ1−
B2(
2
3)
2!
3∑
i=1
st∗ψi+
B2(0)
2!
D0,2 +
3B2(
1
3)
2!
D0,3 +
2∑
q=0
B2(
q−
3 )
2!
mqDirr,q .
Hereafter by abuse of notation, we use the same notations as the stacks to denote the corre-
sponding classes in the Chow ring. We now explain the notations in (15) and (16):
• Define B2(x) =
2∑
k=0
(
2
k
)
Bkx
n−k, where Bk is the k-th Bernoulli numbers.
• Here D0,k is the substack in W, such that the pointed curve C at a generic point in the
substack is a genus-one nodal curve with 3 markings, the node is a separating node, and
there are k markings on the genus-zero component. The node are decorated by the local
monodromies q := q+ on the genus-zero component and q− on the genus-one component.
Both q+, q− ∈ {0, 1, 2}, with a balance condition
q+ + q− ≡ 0 mod 3 .
Similar to δirr, Dirr,q consists of those whose curve parts are stable genus-one curves whose
partial normalizations at a node are connected, and (q := q+, q−) is the pair of monodromies
on the pair of the branches. In this case, Dirr,1 = Dirr,2. See Figure 3 below for an illustration.
g = 1 g = 0 g = 1 g = 0 g = 0
q−q+
D0,3 D0,2 Dirr,q+
1 2
2
2
2
2 2
2
2
2
20
0
Figure 3. Configurations in various divisors on W =M1/31,(23).
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• The number mq is the order of the additive group 〈q〉, which is a subgroup of Z/rZ generated
by the class [q] ∈ Z/rZ for q ∈ Z. When r = 3, we have m0 = 1 and m1 = m2 = 3.
Due to the presence of H1(C, G) [FJR2], each of D0,3 and D0,2 has 32 = 9 components. Let D(0)0,3
be the component of D0,3 such that h0(C,L) = 1 on the genus-one component of the curve. We
label the rest eight components by D(i)0,3, i = 1, · · · , 8, respectively. See Figure 4 for an illustration.
g = 1
g = 0
D := D(0)0,3
g = 0
D(i)0,3 , i = 1, 2, · · · , 8
h0 = 1
g = 1
h0 = 0
1 12 2
2
2
22
2
2
Figure 4. Configurations in various divisors D(i)0,3, i = 0, 1, · · · , 8 on W =M
1/3
1,(23).
Note that D(0)0,3 is exactly the closed locus onW where R0pi∗L 6= 0. Thus D = D(0)0,3 in (15). Using
(16), we see that the three-spin virtual cycle is
(17)
[
M1/3,p1,(23)
]vir
=
st∗κ1
36
−
3∑
i=1
st∗ψi
36
− Dirr,0 −Dirr,1 −Dirr,2
12
− D0,2
12
+
D0,3
12
− 3D(0)0,3 .
2.4. Push-foward and flat pull-back. We need some preparations before carrying out the ex-
plicit calculation. Consider the forgetful morphism st : Mg,γ(G) → Mg,n. The number of fibers
over a generic point inMg,n equals to the order of the group H1(C, G). Also each fiber (C,L) over
a generic point has an automorphism AutC(L) ∼= G. Let WΓ be the substack of W associated to a
dual graph Γ. Let
degWΓ := deg stΓ := deg st|WΓ .
The following result is obtained in [FJR2, Proposition 2.2.17, Proposition 2.2.18].
Lemma 2.4. If Γ is a tree with two vertices and one edge, with each tail decorated with the local
monodromy valued in G and the edge decorated with (γ+, γ−). Let m± be the order of 〈γ±〉. Then
(18) deg stΓ =
|G|2g−1
m+
.
If Γ is a loop with a single vertex and a single edge decorated with (γ+, γ−), then
deg stΓ =
|G|2g−2
m+
.
In our case, g = 1, |G| = 3, thus
(19) degW := deg(st) = 1
3
· 32 = 3 .
Corollary 2.5. The degrees of stΓ on the codimension-one strata are given by
degDirr,0 = 1, degDirr,1 = degDirr,2 = 1
3
, degD0,3 = 1, degD0,2 = 3 , degD(0)0,3 =
1
9
.
Next we consider two types of codimension-two strata shown in Figure 5 below. The degrees for
the intersections in type I can be calculated using Lemma 2.4 repeatedly.
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Corollary 2.6. We have
degD0,3 · D0,2 = 1 , degDirr,q · D0,2 = 1
mq
, degDirr,q · D0,3 = 1
3 ·mq .
g = 1
g = 1
g = 0
g = 0
g = 0
g = 0 g = 0 g = 0 g = 0
−ψ˜− −ψ˜+
D0,2 · D0,3
D0,2 · D0,2
D0,2 · Dirr,q D0,3 · Dirr,q
g = 1 g = 0
−ψ˜− −ψ˜+
D0,3 · D0,3
q+
q−
q+
q−
Type I
Type II
Figure 5. Configurations in double intersections.
For the self-intersections in type II, we recall the following result from [FJR2, Proposition 2.4.1].
Lemma 2.7. Let ψ˜± be the psi-classes associated to the normalizations of the node on the two
branches, denoted by +,− respectively, of the partial normalization at the node. Then
ψ˜± =
st∗(ψ±)
m+
.
Let ND(i)0,k/W be the normal sheaf of the i-th component D
(i)
0,k in W, k = 2, 3. Lemma 2.7 implies
(20) D0,k · D0,k =
∑
i,j
δjiD(i)0,k · c1
(
ND(i)0,k/W
)
=
∑
i
D(i)0,k ·
(
−ψ˜+ − ψ˜−
)
= D0,k · st
∗(−ψ+ − ψ−)
m+
.
The flat morphism st :W →M1,3 [FJR2, Theorem 2.2.6] induces a flat pullback between Chow
rings (cf. [Vi])
st∗ : A∗(M1,3)→ A∗
(
M
1
3
1,(23)
)
.
Lemma 2.8. We have
st∗δirr = Dirr,0 + 6 · Dirr,1, st∗δ0,3 = 3D0,3, st∗δ0,2 = D0,2 .
Proof. We recall that each smooth point inM1,3 has 9 fibers, and each fiber has an automorphism
group G ∼= µ3, of order 3. For st∗δirr, we first notice that st−1(δirr) = qq Dirr,q and Dirr,1 = Dirr,2 ∈
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A∗(M
1
3
1,(23)
). Following [FJR2, Proposition 2.2.18], we analyze the degeneration of the 9 fibers over
a smooth point in M1,3 into the singular ones in st−1(δirr). Three of the 9 fibers degenerate to
three different generic fibers in Dirr,0 respectively, and all the other six fibers degenerate to a single
singular fiber in Dirr,1. Each generic fiber in each Dirr,q is irreducible, thus the automorphism group
of the fiber is also G ∼= µ3 ([FJR2, Example 2.1.22]). Then the first formula follows from calculation
of the multiplicity.
The other two formulae are obtained similarly. We notice that the generic fiber over a point in
δ0,k has two irreducible components. According to [FJR2, Example 2.1.21], the generic fiber over a
point in δ0,3 has an automorphism group G×G/〈q+〉G ∼= µ3×µ3, of order 9, while the generic fiber
over a point in δ0,2 has an automorphism group of order 3. 
2.5. A proof of Theorem 1.1. Using (11), (10), (12), and (17), we have
Θ1,3 = deg st∗
(
st∗κ1
36
−
3∑
i=1
st∗ψi
36
− Dirr,0 −Dirr,1 −Dirr,2
12
− D0,2
12
+
D0,3
12
− 3D(0)0,3
)3
.
We split this formula into several terms and calculate each term one by one. Denote for simplicity
S := Dirr,0 −Dirr,1 −Dirr,2.
Proposition 2.9. For the quadratic term and the cubic terms in (st∗κ1 −
3∑
i=1
st∗ψi), we have
st∗
(
st∗κ1
36
−
3∑
i=1
st∗ψi
36
)3
+3·st∗
((st∗κ1
36
−
3∑
i=1
st∗ψi
36
)2 · (− S
12
− D0,2
12
+
D0,3
12
− 3D(0)0,3
))
=
2
27
· 1
123
.
Proof. Using the projection formula and the relation (14), we have
st∗
(
st∗κ1
36
−
3∑
i=1
st∗ψi
36
)3
= degW ·
(−δ0,2 − δ0,3
36
)3
=
1
54
· 1
123
.
The last equality follows from (19) and Table 1. Similarly, we have
3 · st∗
(st∗κ1
36
−
3∑
i=1
st∗ψi
36
)2
·
(
− S
12
− D0,2
12
+
D0,3
12
− 3D(0)0,3
)
= 3 · (−δ0,2 − δ0,3
36
)2 · (− 1
12
· (1− 2 · 1
3
) · δirr − 1
12
· 3 · δ0,2 + 1
12
· 1 · δ0,3 − 3 · 1
9
· δ0,3
)
=
1
18
· 1
123
.
The first equality uses Corollary 2.5. Adding the two numbers together completes the proof. 
Proposition 2.10. For the linear term in (st∗κ1 −
3∑
i=1
st∗ψi) without intersecting S2, we have
3 · st∗
((st∗κ1
36
−
3∑
i=1
st∗ψi
36
) · ((− S
12
− D0,2
12
+
D0,3
12
− 3D(0)0,3
)2 − (− S
12
)2))
= −11
2
· 1
123
.
Proof. Using the projection formula and the relation (14), the LHS of the equation above equals
1
123
· (−δ0,2 − δ0,3) · st∗
(
2S · D0,2 − 2S · D0,3 + 72S · D(0)0,3 +D0,2 · D0,2 − 2D0,2 · D0,3
+72D0,2 · D(0)0,3 +D0,3 · D0,3 − 72D0,3 · D(0)0,3 + 362D(0)0,3 · D(0)0,3
)
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=
1
123
(
0 +
2
9
− 8− 3
8
− 1
4
+ 1 +
1
72
− 1
9
+ 2
)
= −11
2
· 1
123
.
The first equality follows from the last column of Table 2 in Appendix A.1. For example, the cycle
D0,3 · D0,3 is supported on D0,3. Using (20), one has
(−δ0,2 − δ0,3) · st∗ (D0,3 · D0,3) = (−δ0,2 − δ0,3) · δ20,3 · degD0,3 ·
1
m+
=
1
24
· 1 · 1
3
.
In Table 2, the intersection numbers in the fourth column follow from Table 1; deg ∆ in the fifth
column is calculated by Corollary 2.5 and Corollary 2.6; and the value in the last column is the
product of the values in the second, fourth, fifth, and sixth column. In each row, the stratum |∆|
is determined from
−(δ0,2 + δ0,3) · st∗∆ = −(δ0,2 + δ0,3) · deg ∆ ·
∏ 1
m+
· |∆| .

Proposition 2.11. We have
1
123
(
−3 · st∗
(
S · (−D0,2 +D0,3 − 36D(0)0,3)2)+ st∗(−D0,2 +D0,3 − 36D(0)0,3)3) = 38954 · 1123 .
Proof. The explicit calculation is listed in Table 3 in Appendix A.1. In particular, the first six rows
of Table 3 gives
(21) st∗
(
S · (−D0,2 +D0,3 − 36D(0)0,3)2) = −12 − 13 + 12− 154 + 43 − 24 = −232 − 154 .
The rest of Table 3 gives
(22) st∗
(−D0,2 +D0,3 − 36D(0)0,3)3 = −38 + 0 + 0 + 18 − 1 + 18 + 1108 − 19 + 4− 48 = −27− 1954 .
Now the result is a consequence of (21) and (22). 
Finally we consider the self-intersection S2 and triple-intersection S3. By Lemma 2.8, we have
(23) S = −st
∗δirr
3
+
4
3
· Dirr,0 .
According to (13), δ2irr = 0, so we apply (23) and obtain
(24) S2 =
16
9
D2irr,0 −
8
9
Dirr,0 · st∗δirr , S3 = 64
27
D3irr,0 −
16
9
D2irr,0 · st∗δirr .
Proposition 2.12. We have
st∗(S3) =
64
9
, st∗
(
S2 · (st∗κ1 − 3∑
i=1
st∗ψi − 3D0,2 + 3D0,3 − 108D(0)0,3
))
=
64
3
.
Proof. We have
st∗(S3) = st∗
(
64
27
D3irr,0 −
16
9
D2irr,0 · st∗δirr
)
=
64
27
· st∗
(
Dirr,0 · (−ψ˜+ − ψ˜−)2
)
− 16
9
· st∗
(
Dirr,0 · (−ψ˜+ − ψ˜−) · st∗δirr
)
=
64
27
· degDirr,0 · δirr ·
(−ψ+ − ψ−
1
)2 − 16
9
· degDirr,0 · δ2irr ·
(−ψ+ − ψ−
1
)
=
64
9
.
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The first equality uses the second formula in (24). The second equality is similar to (20). The third
equality uses the projection formula and Lemma 2.7. The psi classes ψ± are from the non-separating
node of δirr. The last equality uses Corollary 2.5 and the intersection numbers on M1,3.
For the second formula, we observe that the projection formula and δ2irr = 0 imply
st∗ (Dirr,0 · st∗δirr · α) = 0, ∀α ∈ A∗(W).
Using this formula and the first formula in (24), we have
st∗
(
S2 · (st∗κ1 − 3∑
i=1
st∗ψi − 3D0,2 + 3D0,3 − 108D(0)0,3
))
= st∗
(
16
9
Dirr,0 · Dirr,0 ·
(
st∗κ1 −
3∑
i=1
st∗ψi − 3D0,2 + 3D0,3 − 108D(0)0,3
)− 0)
=
16
9
δirr ·
(−ψ+ − ψ−
1
) · (degDirr,0 · (−δ0,2 − δ0,3)− 3 · (degDirr,0 · D0,2) · δ0,2) + 0 + 0
=
16
9
· 1 · 3 + 16
9
· (−3) · 1 · (−3)
=
64
3
.
Here the 0’s in the second equality is a consequence of the relation δirr · (−ψ+ −ψ−) · δ0,3 = 0. The
third equality is a consequence of δirr · (ψ+ + ψ−) · δ0,2 = 3. 
Finally, using Proposition 2.9, 2.10, 2.11, 2.12, we obtain Theorem 1.1 as follows.
Proposition 2.13. For the LG pair (W3 = x
3
1 + x
3
2 + x
3
3, µ3), the genus-one FJRW invariant
Θ1,3 =
1
123
(
1
54
+
1
18
− 11
2
+
389
54
− 64
9
+
64
3
)
=
1
123
· 16 = 1
108
.
3. MSP fields on cubic curves
3.1. Definition of MSP fields and basic properties. Following [CLLL1], we define Mixed Spin
P-fields for cubic curves in this part. Details can be found in [CLLL1].
Denote by µa ≤ C∗ the subgroup of the a-th roots of unity. Let
µ˜+a = µa ∪ {(1, ρ), (1, ϕ)}, and µ˜a = µ˜+a − {1}.
For α ∈ µa, let 〈α〉 ≤ C∗ be the subgroup generated by α; for the two exceptional elements (1, ρ)
and (1, ϕ) ∈ µ˜+a , we agree that 〈(1, ρ)〉 = 〈(1, ϕ)〉 = 〈1〉. We pick
g ≥ 0, γ = (γ1, · · · , γ`) ∈ (µ˜a)×`, and d = (d0, d∞) ∈ Q×2,
and call the triple (g, γ,d) a numerical type (for MSP fields). Throughout this work, we shall use
the label m/r or r to label the local monodromies γ1, · · · , γ` interchangably when no confusion
should arise. For an `-pointed twisted nodal curve ΣC ⊂ C over the base scheme S, denote
ωlog
C/S := ωC/S(Σ
C) .
We abbreviate L−r = L∨⊗r.
Definition 3.1. Let S be a scheme, (g, γ,d) be a numerical type. An S-family of MSP-fields of
type (g, γ,d) is a datum
ξ = (C,ΣC,L,N, ϕ, ρ, ν)
such that
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(1) ∪`i=1ΣCi = ΣC ⊂ C is an `-pointed, genus g, twisted curve over S such that the i-th marking
ΣCi is banded by the group 〈γi〉 ≤ C∗;
(2) L and N are representable invertible sheaves on C, L ⊗ N and N have fiberwise degrees d0
and d∞ respectively. The monodromy of L along ΣCi is γi when 〈γi〉 6= 〈1〉;
(3) ν = (ν1, ν2) ∈ H0(L⊗N)⊕H0(N) such that (ν1, ν2) is nowhere vanishing;
(4) ϕ = (ϕ1, ϕ2, ϕ3) ∈ H0(L⊕3), (ϕ, ν1) nowhere zero, and ϕ|ΣC
(1,ϕ)
= 0;
(5) ρ ∈ H0(L−3 ⊗ ωlog
C/S); (ρ, ν2) is nowhere vanishing, and ρ|ΣC(1,ρ) = 0.
We define Wpreg,γ,d to be the category fibered in groupoids over the category of schemes, such
that objects in Wpreg,γ,d(S) are S-families of MSP-fields, and morphisms are naturally defined as in
[CLLL1].
Definition 3.2. We call ξ ∈ Wpreg,γ,d(C) stable if Aut(ξ) is finite. We call ξ ∈ Wpreg,γ,d(S) stable if
ξ|s is stable for every closed point s ∈ S.
Let Wg,γ,d ⊂ Wpreg,γ,d be the open substack of families of stable objects in Wpreg,γ,d. We introduce
a T = C∗ action on Wg,γ,d by
t · (ΣC,C,L,N, ϕ, ρ, (ν1, ν2)) = (ΣC,C,L,N, ϕ, ρ, (tν1, ν2)), t ∈ C∗.(25)
Using the same method in [CLLL1], one can prove that the stack Wg,γ,d is a DM T -stack, locally
of finite type.
The polynomial W = x31 + x
3
2 + x
3
3 gives a T -equivariant cosection σ of the obstruction sheaf
ObWg,γ,d . The degeneracy locus of σ given by
W−g,γ,d(C) = {ξ ∈ Wg,γ,d(C) | σ|ξ = 0}
is a proper substack of Wg,γ,d. Therefore, the moduli stack Wg,γ,d admits a cosection localized
virtual cycle [Wg,γ,d]virloc ⊂ W−g,γ,d(C) as described in [CLL].
3.2. Localization formulae. In this part, we compute all the quantities for torus localization.
The computations are the same as those in [CLLL2], hence we shall only list the results and skip
the details.
For simplicity, we denote W := Wg,γ,d. For each ξ in the fixed locus WT , one can associate a
decorated graph Γξ. Before defining this graph Γξ, we introduce a decomposition of the curve C as
follows.
Definition 3.3. Given ξ ∈ W T , let C0 = C ∩ (ν1 = 0)red, C∞ = C ∩ (ν2 = 0)red, C1 = C ∩
(ρ = ϕ = 0)red, C01 (resp. C1∞) be the union of irreducible components of C− C0 ∪ C1 ∪ C∞ in
(ρ = 0) (resp. in (ϕ = 0)), and C0∞ be the union of irreducible components of C not contained in
C0 ∪ C1 ∪ C∞ ∪ C01 ∪ C1∞.
Definition 3.4. To each ξ ∈ WT we associate a graph Γξ as follows:
(1) (vertex) let V0(Γξ), V1(Γξ), and V∞(Γξ) be the set of connected components of C0, C1, C∞
respectively, and let V (Γξ) be their union;
(2) (edge) let E0(Γξ), E∞(Γξ) and E0∞(Γξ) be the set of irreducible components of C01, C1∞
and C0∞ respectively, and let E(Γξ) be their union;
(3) (leg) let L(Γξ) ∼= {1, · · · , `} be the ordered set of markings of ΣC, ΣCi ∈ L(Γξ) is attached to
v ∈ V (Γξ) if ΣCi ∈ Cv;
(4) (flag) (e, v) ∈ F (Γξ) if and only if Ce ∩ Cv 6= ∅.
Here, Ca is the curve associated to the symbol a ∈ V (Γξ) ∪ E(Γξ). We call v ∈ V (Γξ) stable if
Cv ⊂ C is one-dimensional, otherwise we call it unstable.
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Let V S(Γξ) ⊂ V (Γξ) be the set of stable vertices and V U (Γξ) ⊂ V (Γξ) be the set of unstable
vertices. Given v ∈ V (Γξ), let Ev = {e ∈ E(Γξ) : (e, v) ∈ F (Γξ)}. We denote
V a,b(Γξ) = {v ∈ V (Γξ)− V S(Γξ) | |Sv| = a, |Ev| = b}.(26)
We also abbreviate V a,bc (Γξ) = Vc(Γξ) ∩ V a,b(Γξ) for c ∈ {0, 1,∞}.
Let Γ be a regular graph (see the definition of regular graph in [CLLL2]) associated to ξ ∈ W.
Let WΓ be the groupoid of Γ-framed families in W T with obviously defined arrows. We define
V = (L(−ΣC(1,ϕ)))⊕3 ⊕ L∨⊗3 ⊗ ωlogC (−Σ(1,ρ))⊕ L⊗N ⊗ L1 ⊕N ,(27)
where Lk is the one-dimensional weight-k T -representation.
We denote
B1 = Aut(Σ
C ⊂ C) = Ext0(ΩC(ΣC),OC),
B2 = Aut(L)⊕Aut(N) = H0(O⊕2C ),
B3 = Def(ϕ, ρ, (ν1, ν2)) = H
0(V),
B4 = Def(Σ
C ⊂ C) = Ext1(ΩC(ΣC),OC),
B5 = Def(L)⊕Def(N) = H1(O⊕2C ),
B6 = Obs(ϕ, ρ, (ν1, ν2)) = H
1(V),
where Aut is the space of infinitesimal automorphisms, Def is the space of infinitesimal deforma-
tions, and Obs is the obstruction space. Then, all Bi are T -spaces. Let B
mv
i be the moving part of
Bi. Then, the virtual normal bundle N
vir to WΓ in Wg,γ,d restricted at ξ is
Nvir|ξ = Tmvξ −Obmvξ = −Bmv1 −Bmv2 +Bmv3 +Bmv4 +Bmv5 −Bmv6 .
We introduce the following convention on nodes:
(28) ∀ (e, v) ∈ F : y(e,v) = Cv ∩ Ce; ∀ v ∈ V 0,2 and Ev = {e, e′} : y(e,v) = Ce ∩ Ce′ .
Let F 0,1 = {(e, v) ∈ F : v ∈ V 0,1} and FS = {(e, v) ∈ F : v ∈ V S}. Then we can obtain the
following
(29)
eT (B
mv
1 )
eT (Bmv4 )
=
∏
(e,v)∈FS
1
w(e,v) − ψ(e,v)
·
∏
v∈V 0,2
Ev={e,e′}
1
w(e,v) + w(e′,v)
·
∏
(e,v)∈F 0,1
w(e,v),
where ψ(e,v) is the ψ-class associated to the pointed curves y(e,v) ∈ Cv and w(e,v) will be given in
Lemma 3.5 below.
For e ∈ E0 ∪ E∞, let de = deg(L|Ce). For e ∈ E∞, let
(30) re =
{
1, de ∈ Z,
3, de /∈ Z.
Then Ce ∼= P(re, 1). Since Γ is regular, if v ∈ V S∞, then de /∈ Z and re = 3. Note that if v ∈ V 0,1∞ ,
then de ∈ Z and re = 1.
Lemma 3.5. (1) When v ∈ V0, then w(e,v) = he+tde and w(e,v′) = −he+tde .
(2) When v ∈ V∞ \ V 0,1∞ , then w(e,v) = trede and w(e,v′) = − tde .
(3) When v ∈ V 0,1∞ , then w(e,v) = 3t3de+1 and w(e,v′) = −3t3de+1 .
Here t is the equivariant parameter in H2(BT ).
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3.2.1. Contribution from stable vertices. We introduce some more notations:
• Given a stable vertex v ∈ V S , let piv : Cv → Wv be the universal curve associated to the
regular graph Γ = {v}; let Lv and Nv be the universal line bundle over Cv.
• Given v ∈ V S0 , let φv : Cv → P3 be induced by the sections in ϕ.
• Given v ∈ V S1 , let E := pi∗ωpiv be the Hodge bundle, where ωpiv → Cv is the relative dualizing
sheaf. Then E∨ = R1piv∗OCv .
The contribution A′v from a stable vertex v ∈ V S is given by the following lemma.
Lemma 3.6.
A′v =

1
eT (Rpiv∗φ∗vOP4(1)⊗ L1)
, v ∈ V S0 ;
(eT (E∨v ⊗ L−1)
−t
)3 · 3t
eT (Ev ⊗ L3) ·
(
1
3t
)|Ev |(−t2
3
)|S(1,ϕ)v |
, v ∈ V S1 ;
1
eT (Rpiv∗L∨v ⊗ L−1)
, v ∈ V S∞.
3.2.2. Contribution from edges. In this part, we compute the contribution from edges e ∈ E(Γ).
Lemma 3.7. The contribution from edges is given by∏
e∈E
Ae
∏
v∈V 0,11 ∪V 1,11
Av,
where Ae and Av are defined as follows.
Ae =

∏3de−1
j=1 (−3he + j(he+t)de )∏de
j=1(he − j(he+t)de )3 ·
∏de
j=1
j(he+t)
de
, e ∈ E0;
∏d−dee−1
j=1 (−t− jtde )3∏−3de
j=1 (− jtde )
∏b−dec
j=1 (
jt
de
)
, e ∈ E∞, (e, v) ∈ F, v ∈ V∞ \ V 0,1∞ ;
∏−de−1
j=1 (−t− 3jt3de+1)3∏−3de−1
j=1 (
−3jt
3de+1
)
∏−de
j=1(
3jt
3de+1
)
, e ∈ E∞, (e, v) ∈ F, v ∈ V 0,1∞ .
Av =

3t, v ∈ V 0,11 ;
−t3, v ∈ V 1,11 , Sv ⊂ ΣC(1,ϕ) ;
3t, v ∈ V 1,11 , Sv ⊂ ΣC(1,ρ) .
3.2.3. Contributions from nodes. The following results are straightforward from [CLLL2].
Lemma 3.8 (Contribution from a flag in FS). If (e, v) ∈ FS then
A(e,v) =

he + t, v ∈ V0;
−3t4, v ∈ V1;
1, v ∈ V∞.
Lemma 3.9 (Contribution from a vertex in V 0,2). If v ∈ V 0,2, then
Av =

he + t = he′ + t, v ∈ V 0,20 and Ev = {e, e′};
−3t4, v ∈ V 0,21 ;
(−t)6(de), v ∈ V 0,2∞ and Ev = {e, e′}.
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Here we define (x) = 1 when x ∈ Z, and (x) = 0 otherwise.
3.2.4. Summary. For v ∈ V S , let A′v be as in Lemma 3.6, and define
(31)
Av := A
′
v
∏
e∈Ev
A(e,v)
=

1
eT (Rpiv∗φ∗vOP2(1)⊗ L1)
∏
e∈Ev
(he + t), v ∈ V S0 ;
(eT (E∨v ⊗ L−1)
−t
)3 · 3t
eT (Ev ⊗ L3) · (−t
3)|Ev | ·
(−t2
3
)|S(1,ϕ)v |
, v ∈ V S1 ;
1
eT (Rpiv∗L∨v ⊗ L−1)
, v ∈ V S∞.
Then
(32)
∏
v∈V S
Av =
∏
v∈V S
A′v
∏
(e,v)∈FS
A(e,v).
Proposition 3.10. Define Av by (31) if v ∈ V S. Let Av be given by Lemma 3.7 (resp. Lemma
3.9) if v ∈ V 0,11 ∪ V 1,11 (resp. v ∈ V 0,2). If v ∈ V 0,10 ∪ V 1,10 ∪ V 0,1∞ ∪ V 1,1∞ , define Av = 1. For e ∈ E,
let Ae be as in Lemma 3.7. Then
eT (B
mv
2 )eT (B
mv
6 )
eT (Bmv3 )eT (B
mv
5 )
=
∏
v∈V
Av
∏
e∈E
Ae.
3.3. Equivariant Euler class of the virtual normal bundle. Let Av and Ae be defined as in
Proposition 3.10. Combining (29) and Proposition 3.10, we obtain
Theorem 3.11.
1
eT (NvirΓ )
=
∏
v∈V (Γ)
Bv
∏
e∈E(Γ)
Ae,
where
Bv =

Av ·
∏
e∈Ev
1
w(e,v) − ψ(e,v)
, v ∈ V S ;
Av
w(e,v) + w(e,v′)
, v ∈ V 0,2, Ev = {e, e′};
Av, v ∈ V 1,1;
Av · w(e,v), v ∈ V 0,1, Ev = {e}.
The contribution of each graph Γ follows from a localization formula
Cont(Γ) =
[
tδ(g,d) · [W(Γ)]
vir
loc
e(NΓ)
]
0
.
Similar to [CLLL2, Proposition 3.5], we have
(33) [W(Γ)]virloc =
1
Aut(Γ)
· 1∏
e∈E∞
de
· 1∏
e∈E∞
|Ge| · (ι
−
Γ )∗
(∏
v
[Wv]virloc
)
Set δ = −1 if v ∈ V 0,1∞ and δ = 0 otherwise. Similar to [CLLL2, Lemma 2.31], we have
(34) |Ge| = | − 3de + δ|.
A GENUS-ONE FJRW INVARIANT VIA TWO METHODS 17
4. A genus-one FJRW invariant via MSP fields
Now we use the Mixed Spin P-fields method described in the previous section to prove
Proposition 4.1. We have the following primitive FJRW invariant
(35) Θ1,3 = deg
([M1,(23)(W3, µ3)p]vir) = 1108 .
4.1. Regular graphs in MSP fields. We classify all regular graphs for the case
(g, `, d0, d∞) = (1, 0, 0, 1).
There are eight graphs in total. One of the graphs is Γ0 as depicted in Figure 6 below.
g = 1
e1 e2 e3
Γ0
de1 = de2 = de3 = −23
Figure 6. Configuration represented by the graph Γ0.
In such a graph, we label the vertices from top to bottom, and from left to right. We label the
edges from left to right, and decorate each edge by its degree. For stable vertices, we also decorate
the vertex with its genus. All three edges in the graph Γ0 has de = −2/3, thus the genus one
vertex v ∈ V S∞ has a 23 -insertion at each of the three nodes. The vertex v ∈ V S∞ contributes as some
dual-twisted FJRW invariant, and can be simplified to the primitive FJRW invariant Θ1,3 in (35).
We list all other regular graphs in Figure 7 below:
g = 1
Γ1
g = 1
Γ2 Γ3
g = 0
Γ4 Γ5 Γ7
−43
g = 1
−13
−13
−23
−13 −1 −13 −13 −23
g = 1 g = 1
Γ6
−13 −23 −13 −23−1
Figure 7. Configurations represented by the graphs Γ1, · · · ,Γ7.
All the contributions Cont(Γi) (i = 0, · · · , 7) will be calculated explicitly in what follows.
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4.2. Explicit computations. Using MSP fields and localization in the previous section, we have
(36)
7∑
i=0
Cont(Γi) = 0.
Let us first consider the contribution from the graph Γ0.
Lemma 4.2. Let Θ1,3 be the primitive FJRW invariant defined in (35), we have
(37) Cont(Γ0) = −1
6
·Θ1,3.
Proof. According to our convention,
v1 ∈ V S∞, v2, v3, v4 ∈ V 0,11 , e1, e2, e3 ∈ E∞.
In this case, the genus of v1 is g(v1) = 1, and
Lv1 = OC(−1)
(
2
3
p1 +
2
3
p2 +
2
3
p3
)
, L∨v1 = OC(1− 3)
(
1
3
p1 +
1
3
p2 +
1
3
p3
)
.
Using orbifold Riemann-Roch formula [AGV], we have rank(Rpiv1∗L∨v1) = −2. The virtual dimension
equals the dimension of the moduli space and only c0(Rpi∗L∨) contributes. Similar to [CLLL2,
Proposition 3.5], for Γ0, we have
4∏
i=2
Bvi =
4∏
i=2
Aviw(ei−1,vi) =
(
3t(− t−23
)
)3
=
729
8
t6 ,
3∏
i=1
Aei =
 1∏2
j=1(− jt− 2
3
)
3 = 8
729
t−6 .
We obtain
Cont(Γ0) =
[
tδ · 1
3!23
· 729t
6
8
· 8
729t6
· [Mg,γ(G)
p]virloc
eT (Rpiv1∗L∨v1 ⊗ L−1)
·
3∏
i=1
1
− t2 − ψi
]
0
=
[
t1 · 1
3!23
· [Mg,γ(G)
p]virloc
(−t)−2 ·
3∏
i=1
1
− t2 − ψi
]
0
= −1
6
·Θ1,3.

Now let us consider the contribution from the other graphs. We need a preparational lemma.
Lemma 4.3. We have the integral ˆ
[M1/3,p1,(1) ]virloc
ψ1 = 0.
Proof. Similar to [CLLL2, Lemma 5.7], we have
[M1/3,p1,(1) ]virloc = −23[M0] + [M1],
where M0 is the locus where L(−ΣC) ∼= OC, and M1 is the locus where L(−ΣC)  OC (i.e., L(−ΣC)
has no section), which have 32 − 1 components. We have
(38)
ˆ
[M1/3,p1,(1) ]virloc
ψ1 = −23
ˆ
[M0]
ψ1 +
ˆ
[M1]
ψ1 = −23 · 1
3× 3× 24 +
32 − 1
24× 3× 3 = 0.

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Lemma 4.4. The total contribution from Γ1, Γ2, and Γ3 vanishes. That is,
Cont(Γ1) + Cont(Γ2) + Cont(Γ3) = 0.
Proof. We have (see the details in Appendix A.2)
(39) Cont(Γ1) =
1
648
· [Bv1 ]t−1 , Cont(Γ2) = −
2
81
· [Bv1 ]t−1 , Cont(Γ3) =
3
162
· [Bv1 ]t−1 .
Here, each [Bv1 ]t−1 depends on the degree de, where e ∈ E∞ is the edge with v1 one of its vertex.
Let us compute the term [Bv1 ]t−1 for each graph. We have
Lv1 = OC
(
1
3
p1
)
, L∨v1 = OC(−1)
(
2
3
p1
)
.
We have g(v1) = 1 and rank(Rpiv1∗L∨v1) = −1. The total Chern class is multiplicative, thus
1
c(Rpiv1∗L∨v1 ⊗ L−1)
= c(−Rpiv1∗L∨v1 ⊗ L−1) = 1 + c1(−Rpiv1∗L∨v1 ⊗ L−1).
Therefore
e−1T (Rpiv1∗L
∨
v1 ⊗ L−1) = c1(−Rpiv1∗L∨v1 ⊗ L−1) = −t− ch1(Rpiv1∗L∨v1) .
Now we have
[Bv]t−1 =
[
1
eT (Rpiv1∗L∨v1 ⊗ L−1)
∏
e∈Ev
1
w(e,v) − ψ(e,v)
]
t−1
=
[
(−t)− ch1(Rpiv1∗L∨v1)
t
3de1
− ψ(e1,v1)
]
t−1
= −3de1(ch1(Rpiv1∗L∨v1) + 3de1ψ(e1,v1)).
Since de1 = −43 ,−13 , and −13 in Γ1,Γ2, and Γ3 respectively, using (39) and Lemma 4.3, we obtain
Cont(Γ1) + Cont(Γ2) + Cont(Γ3) =
ˆ
[M1/3,p1,(1) ]virloc
(
0 · ch1(Rpiv1∗L∨v1)−
1
54
· ψ1
)
= 0 .

Lemma 4.5. For the contribution of the graph Γ4, we have
Cont(Γ4) = − 1
108
.
Proof. The automorphism of Γ4 is nontrivial: |Aut(Γ4)| = 2. The vertex v1 ∈ V S is stable, and
Lv1 = O(−1)
(
1
3
p1 +
1
3
p2 +
2
3
p3
)
, L∨v1 = O(−2)
(
2
3
p1 +
2
3
p2 +
1
3
p3
)
.
We have g(v1) = 0, rank(Rpiv1∗L∨v1) = −1, and e−1T (Rpiv1∗L∨v1 ⊗ L−1) = −t− ch1(Rpiv1∗L∨v1) . Thus
Cont(Γ4) = − 1
72
· [Bv1 ]t−2
= − 1
72
·
[
[Mg,γ(G)p]virloc
eT (Rpiv1∗L∨v1 ⊗ L−1)
· ( 2∏
i=1
1
−t− ψi
) · 1− t2 − ψ3
]
t−2
= − 2
72
ˆ
[M1/3,p0,(1,1,2)]virloc
1
= − 1
108
.
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Here the last equality follows from genus-zero calculation. 
Lemma 4.6. For the unstable graph Γ5,
Cont(Γ5) =
4
243
.
Proof. This follows from direct calculation. See Appendix A.2 for the details. 
It remains to compute the contribution from the last two graphs. We have
Lemma 4.7. For the graphs Γ6 and Γ7, the contributions are
Cont(Γ6) = − 5
486
, Cont(Γ7) =
1
216
.
Proof. From the computations in the Appendix A.2, we have
Cont(Γ6) =
1
9
· [Bv2 ]t , Cont(Γ7) = −
1
9
· [Bv2 ]t .
Recall E = pi∗ωv is the Hodge bundle and E∨ = R1pi∗OCv is the dual bundle. We see
eT (Ev ⊗ L3) = c1(E) + 3t, eT (E∨v ⊗ L−1) = c1(E∨)− t.
Assume that ω(e,v) = ct for some constant c, then
[Bv]t =
[(
eT (E∨v ⊗ L−1)
−t
)3
· 3t
eT (Ev ⊗ L3) · (−t
3) ·
∏
e∈Ev
1
w(e,v) − ψ(e,v)
]
t
=
[
3t(c1(E∨)− t)3
(c1(E) + 3t)(ct− ψ(e,v))
]
t
=
ˆ
M1,1
−1
c
(
−c1(E)
3
− 3c1(E∨) + ψ1
c
)
=
−8c− 3
72c2
.
The last equality follows fromˆ
M1,1
c1(E) = −
ˆ
M1,1
c1(E∨) =
ˆ
M1,1
ψ1 =
1
24
.
Now the result follows from the fact that c = 32 in Γ6 and c = 3 in Γ7. 
Now we complete a proof of Proposition 4.1. Using Lemma 4.4, 4.5, 4.6, 4.7, we have
7∑
i=1
Cont(Γi) = 0− 1
108
+
4
243
− 5
486
+
1
216
=
1
648
.
From (37) and (36), we obtain the result (35) in Proposition 4.1,
Θ1,3 = −6 · Cont(Γ0) = 6
7∑
i=1
Cont(Γi) =
1
108
.
Appendix A.
A.1. Calculation of intersection numbers in Proposition 2.10 and Proposition 2.11.
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Table 2. Calculation for Proposition 2.10 .
∆ Coeff |∆| −(δ0,2 + δ0,3) · |∆| deg ∆
∏ 1
m+
Total
S · D0,2 2 δirrδ0,2 0 1− 2 · 13 1 0
S · D0,3 -2 δirrδ0,3 −1 13 − 2 · 19 1 29
S · D(0)0,3 72 δirrδ0,3 −1 19 − 2 · 0 1 −8
D0,2 · D0,2 1 δ20,2 −18 3 11 −38
D0,2 · D0,3 -2 δ0,2δ0,3 18 1 1 −14
D0,2 · D(0)0,3 72 δ0,2δ0,3 18 19 1 1
D0,3 · D0,3 1 δ20,3 124 1 13 172
D0,3 · D(0)0,3 -72 δ20,3 124 19 13 −19
D(0)0,3 · D(0)0,3 362 δ20,3 124 19 13 2
Table 3. Calculation for Proposition 2.11 .
∆ Coeff |∆| deg ∆ ∏ 1m+ Total
S · D0,2 · D0,2 1 δirrδ20,2=−32 1− 2 · 13 11 −12
S · D0,2 · D0,3 −2 δirrδ0,2δ0,3=32 13 − 2 · 19 1 −13
S · D0,2 · D(0)0,3 72 δirrδ0,2δ0,3=32 19 − 2 · 0 1 12
S · D0,3 · D0,3 1 δirrδ20,3=−12 (3− 2 · 1) · 19 13 − 154
S · D0,3 · D(0)0,3 −72 δirrδ20,3=−12 (1− 2 · 0) · 19 13 43
S · D(0)0,3 · D(0)0,3 362 δirrδ20,3=−12 (1− 2 · 0) · 19 13 −24
D0,2 · D0,2 · D0,2 −1 δ30,2=18 32 · 13 · 11 11 −38
D0,2 · D0,2 · D0,3 3 δ20,2δ0,3=0 32 · 13 · 13·1 11 0
D0,2 · D0,2 · D(0)0,3 −108 δ20,2δ0,3=0 13 · 13·1 11 0
D0,2 · D0,3 · D0,3 −3 δ0,2δ20,3=−18 32 · 13 · 13·1 13 18
D0,2 · D0,3 · D(0)0,3 6 · 36 δ0,2δ20,3=−18 13 · 13·1 13 −1
D0,2 · D(0)0,3 · D(0)0,3 −3 · 362 δ0,2δ20,3=−18 13 · 13·1 13 18
D0,3 · D0,3 · D0,3 1 δ30,3= 112 32 · 13 · 13 (13)2 1108
D0,3 · D0,3 · D(0)0,3 −108 δ30,3= 112 13 · 13 (13)2 −19
D0,3 · D(0)0,3 · D(0)0,3 3 · 362 δ30,3= 112 13 · 13 (13)2 4
D(0)0,3 · D(0)0,3 · D(0)0,3 −363 δ30,3= 112 13 · 13 (13)2 −48
A.2. Localization formulae in MSP. We list the formulae needed in Lemma 4.4, 4.5, 4.6, 4.7.
All the edges we consider are in E∞, with de = −13 ,−23 ,−1, or −43 .
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By Lemma 3.7 and (34), we have
de −13 −23 −1 −43
Ae
1
3t
2
9t2
− 4
27t3
42
4!35t2
Ge 1 2 2 4
For a vertex v ∈ V S∞ ∪ V 0,2∞ ∪ V 0,1∞ ∪ V 0,11 ∪ V 0,21 ∪ V S1 , we have
Bv =

w(e,v), v ∈ V 0,1∞ ;
(3t) · w(e,v), v ∈ V 0,11 ;
(−t)4(de)
w(e,v) + w(e′,v)
, v ∈ V 0,2∞ ;
−3t4
w(e,v) + w(e′,v)
, v ∈ V 0,21 ;
1
eT (Rpiv1∗L∨v1 ⊗ L−1)
∏
e∈Ev
1
w(e,v) − ψ(e,v)
, v ∈ V S∞;
(
eT (E∨v ⊗ L−1)
−t )
3 · 3t
eT (Ev ⊗ L3) · (−t
3)
∏
e∈Ev
1
w(e,v) − ψ(e,v)
, v ∈ V S1 .
Here we recall that in Lemma 3.9, (de) = 1 when de ∈ Z, and (de) = 0 otherwise. And
w(e,v) =
3t
−2 , w(e,v′) =
3t
2
, v ∈ V 0,1∞ , de = −1 ;
w(e,v) =
t
3de
, w(e,v′) = −
t
de
, v ∈ V∞\V 0,1∞ .
Using these formulae, we list the contributions of the graphs Γk, k = 1, · · · , 7 below. Note that
|Aut(Γ4)| = 2, and |Aut(Γk)| = 1 if k 6= 4. We have
Cont(Γ1) =
[(∏
v
Bv
)
· 1∏
e |Ge|
·
(∏
e
Ae
)]
t−1
=
[(
Bv1 · (3t) · (−
t
−43
)
)
· 1
4
·
(
42
4!35t2
)]
t−1
=
1
648
· [Bv1 ]t−1 ,
Cont(Γ2) =
Bv1 · 3t−2 · −3t4− t− 1
3
+ 3t2
 · 1
1 · 2 ·
(
1
3t
· (− 4
27t3
)
)
t−1
= − 2
81
· [Bv1 ]t−1 ,
Cont(Γ3) =
Bv1 · (−t)4(− 13 )t
3·(− 1
3
)
+ t
3·(− 1
3
)
· −3t
4
− t− 1
3
− t− 1
3
· (3t)(− t−23
)
 · 1
1 · 1 · 2 ·
(
(
1
3t
)2 · 2
9t2
)
t−1
=
3
162
· [Bv1 ]t−1 ,
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Cont(Γ4) =
1
|Aut(Γ4)|
Bv1 · −3t4− t− 1
3
− t− 1
3
· (3t)(− t−23
)
 · 1
1 · 1 · 2 ·
(
(
1
3t
)2 · 2
9t2
)
t−1
= − 1
72
· [Bv1 ]t−2 ,
Cont(Γ5) =
 (−t)4(− 13 )
t
3·(− 1
3
)
+ t
3·(− 2
3
)
· −3t
4
− t− 1
3
− t− 2
3
 · 1
1 · 2 ·
(
1
3t
· 2
9t2
)
t−1
=
4
243
,
Cont(Γ6) =
[(
3t
−2 ·Bv2
)
· 1
2
·
(
− 4
27t3
)]
t−1
=
1
9
· [Bv2 ]t ,
Cont(Γ7) =
 (−t)4(− 13 )
t
3·(− 1
3
)
+ t
3·(− 2
3
)
·Bv2 · (3t)(−
t
−23
)
 · 1
1 · 2 ·
(
1
3t
· 2
9t2
)
t−1
= −1
9
· [Bv2 ]t .
A.3. Comparison with the maximal group case. We consider the LG pair
(W = x31 + x
3
2 + x
3
3, G = Gmax).
Here Gmax is the group of all diagonal symmetries of W , that is Gmax ∼= (µ3)3. The FJRW invariants
at any genus have been studied for this LG pair in [KS], as its underlying Frobenius manifold is
generically semisimple. We compute a genus-one FJRW invariant for this pair here, its derivation
is much simpler than that for the genus-one invariant we computed for the pair (x31 + x
3
2 + x
3
3, µ3).
We consider the morphism
f :M1,(23)(W, (µ3)3) −→M1,(23)(x31, µ3)×M1,(23)(x32, µ3)×M1,(23)(x33, µ3)
which sends (C,Σ,L1,L2,L3) to
(
(C,Σ,L1), (C,Σ,L2), (C,Σ,L3)
)
. Applying [CLL, Thm 4.11],
[M1,(23)(W, (µ3)3)p]vir = f∗([M1,(23)(x31, µ3)p]vir × [M1,(23)(x32, µ3)p]vir × [M1,(23)(x33, µ3)p]vir).
According to [FJR2] and [CLL], the cohomology class Λ
(W,Gmax)
1,3 (1J2 ,1J2 ,1J2) is
|G|g
deg st
PD st∗
(
(−1)D[M1,(23)(W, (µ3)3)p]vir ∩ [M1,23(W, (µ3)3)]
)
.
Since deg st = |G|2g−1 and g = 1 in this case, applying the projection formula to (17) and then
(14), we obtain
st∗
[
M1/3,p1,(23)
]vir
=
1
12
· (κ1 −
3∑
i=1
ψi)− δirr
36
− δ0,2
4
+
δ0,3
12
− δ0,3
3
= −δirr
36
− δ0,2
3
− δ0,3
3
∈ A1(M1,3) .
By Table 1, we have
〈1J2 ,1J2 ,1J2〉(W,Gmax)1,3 =
(
st∗
[
M1/3,p1,(23)
]vir)3
=
(
−δirr
36
− δ0,2
3
− δ0,3
3
)3
=
1
324
.
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